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THE HESSIAN METHOD
(HIGHLY EFFICIENT STATE SMOOTHING, IN A NUTSHELL)

WILLIAM J. MCCAUSLAND

ABSTRACT. Iintroduce the HESSTAN method for semi-Gaussian state space models with
univariate states. The vector of states a = (au, ..., an) is Gaussian and the observed vec-
tory = (y{,...,yn )" need not be. I describe a close approximation g(c) to the density
f(a]y). It is easy and fast to evaluate g(a) and draw from the approximate distribu-
tion. In particular, no simulation is required to approximate normalization constants.
Applications include likelihood approximation using importance sampling and posterior
simulation using Markov chain Monte Carlo (MCMC). HESSIAN is an acronym but it
also refers to the Hessian of log f(a|y), which figures prominently in the derivation. I
compute my approximation for a basic stochastic volatility model and compare it with
the multivariate Gaussian approximation described in Durbin and Koopman (1997) and
Shephard and Pitt (1997). For a wide range of plausible parameter values, I estimate the
variance of log f(aly) — log g(«) with respect to the approximate density g(«). For my
approximation, this variance ranges from 330 to 39000 times smaller.

1. INTRODUCTION

I introduce a close approximation of the conditional distribution of states given obser-
vations in state space models of the form

T T
a; = xy 3+ uo, o1 =2 B+ drog +u, t=1,...,n,

n
f(yh e 7yn|0417 e 7an) - Hft(yt’at)7
t=1

where the oy are univariate latent states, the x; are vectors of covariates, ( is a vector of
coefficients, the u; are independant Gaussian random variables with mean 0 and precision
(inverse of variance) wy, the y; are observable random vectors, and the f; are probability
density or mass functions. I define o = (aq,...,a,)" and y = (y/,...,50)".

The distribution of y; given «; is quite flexible. It can be univariate or multivarite and
the length of y; can change with t. The f; may be density functions or mass functions
or a combination, and this too can vary over time. I require log fi(y:|cay) to be five times
differentiable in cy. I also assume that the distribution of a given y has a unique mode.
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2 WILLIAM J. MCCAUSLAND

In the special case where the densities f;(y¢|a:) are Gaussian, a|y is multivariate Gauss-
ian and there are efficient methods to evaluate the likelihood function and draw « given y.
Carter and Kohn (1994), Frithwirth-Schnatter (1994), de Jong and Shephard (1995), and
Durbin and Koopman (2002) offer methods based on the Kalman filter. Rue (2001) and
McCausland, Miller, and Pelletier (2007) introduce methods based on the precision of the
conditional distribution of a given y.

When the f; are not Gaussian, we can make use of a suitably close approximation g(«)
of the target distribution f(«|y). We can estimate the likelihood function f(y) using g(«)
as an importance density. One can write f(y) = E4[f()f(y|la)/g(a)], where E, denotes
expectation with respect to the approximate distribution. If regularity conditions for a
strong law of large numbers hold, then

M
(1) %Zf S g
=1

almost surely, where {« m)}M , is a random sample from the approximate distribution.
We can do posterior inference for a using the approximation as a proposal distribution in
a Metropolis-Hastings update of the target distribution. Providing that the approximation
is close enough, drawing « as a block in this way may be much more efficient than one-
at-a-time updates of the oy, due to posterior autocorrelation in a. One can also use a
good approximation of f(«aly) as part of a joint proposal distribution for parameters and
states: one can draw a proposal for the parameters followed by a conditional proposal
of o given the proposed parameter value then accept or reject the parameters and states
together. This is particularly efficient when parameters and states are strongly a posteriori
independent.

The closer the approximation, the better it is. In the importance sampling case, the
variance of the sample mean in (1) decreases (or becomes finite) as g(a) more closely ap-
proximates f(«|y). In the MCMC case, the acceptance probability increases. Often the
multivariate Gaussian approximation is not suitable as a proposal or importance distribu-
tion because it is not a close enough approximation of the target distribution. See Shephard
and Pitt (1997), Gamerman (1998) and Pitt (2000) and the examples in Section 6 of the
present paper.

There exist better approximations than the multivariate Gaussian. Richard and Zhang
(forthcoming) describe one. The user supplies an “auxiliary parametric importance sam-
pler”, which consists of parametric approximations to the conditional densities f(ay|ai41,y).
Computing parameters for the auxiliary sampler relies on computationally intensive simula-
tion. Richard and Zhang (forthcoming), Liesenfeld and Richard (2003) and Liesenfeld and
Richard (2008) consider applications of this approximation to stochastic volatility models.
They suggest a Gaussian parametric approximation, which leads to particularly simple
simulations but does not capture deviations from Gaussianity of the conditional densi-
ties f(at|aut1,y). A more flexible choice of approximation would impose a considerable
implementation burden on the user and require more costly simulations.
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Rue, Steinsland, and Erland (2004) also describe improvements to the multivariate
Gaussian approximation. Their approximation applies in the more general context of
hidden Gaussian random fields, but also requires costly simulations to compute.

I will describe three approximations of f(«|y), the conditional density of a given y.
The first is a multivariate normal approximation introduced by Durbin and Koopman
(1997) and Shephard and Pitt (1997), and I use this as a benchmark. The second and
third approximations introduce refinements to the multivariate Gaussian approximation.
One can quickly and easily evaluate the fully normalized approximate densities and draw
random vectors from the corresponding distributions.

In Section 2, I discuss the first, multivariate Gaussian, approximate distribution. I de-
scribe efficient methods to draw from the approximate distribution and evaluate its density.
As in Durbin and Koopman (1997) and Shephard and Pitt (1997), the approximation is
based on the quadratic Taylor series approximation of log f(y|a) at «°, the conditional
mode of « given y. However, I use very different techniques to draw « from the approxi-
mate distribution. I draw the a; sequentially backwards. To compute Eg[a|aii1, ..., o)
and Varg[og|ouqt, . .., ap], T use the procedure by McCausland, Miller, and Pelletier (2007),
based on an algorithm by Vandebril, Mastronardi, and Van Barel (2007) for solving band
diagonal symmetric systems.

Sections 3 and 4 both introduce refinements to the multivariate Gaussian approxima-
tion. For the first refinement, the approximate conditional distributions ;|1 ...,
are still Gaussian, but « is no longer multivariate Gaussian. The second refinement re-
places the conditional Gaussian distributions with skewed distributions capturing some of
the departure from Gaussianity of the target distributions oy|ayy1, ..., an,y.

In Section 5, I briefly address problems that arise when the ratio f(a|y)/g(a) is un-
bounded. I mention a standard solution and offer a variation on it.

In Section 6, I compare the three approximations of the target density for a basic sto-
chastic volatility model. I first estimate the variance (with respect to the approximate
distribution) of log f(aly) — log g(«) for the three approximations g(a). The first refine-
ment leads to a moderate reduction in variance. Together with the first refinement, the
second refinement leads to a dramatic reduction in variance for a wide range of plausible
parameter values. I also demonstrate the efficacy of the final approximation as an impor-
tance distribution and as a proposal distribution. The HESSIAN method refers to the use
of the second refinement for state smoothing.

In Section 7, I conclude and mention some possible extensions.

2. A BASIC MULTIVARIATE GAUSSIAN PROPOSAL

Here I consider a first approximation of the target distribution. It is a multivariate
Gaussian distribution based on a quadratic approximation of log f(«a|y) at the mode a° of
the target distribution. One can write

log f(aly) = log f(a) + log f(yla) + k.

Here and throughout the paper I use k to denote an unimportant term not depending on
«. This is a slight abuse of notation since the term is not always the same.
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The first term is already quadratic in «. It is convenient to write it in the following
form:

1 _ _ _
2) log f(a) = 5 |log| H| — nlog2r — o Ha+2:"a+ aH—la] ,

where the precision (inverse of variance) H and covector (precision times mean) ¢ of the
marginal distribution of « are given by

[wo + wlqbf —w1¢P1 0 0 A 0 7
—w1 1 w1 + wgqﬁ% —wapy 0 - 0
_ 0 —wa ‘ ' :
H= . . .
0 0 ‘. ‘. t. 0
Wn—2 + wn—1¢72171 _Wn—l¢n—1
L 0 0 .- 0 —Wn—1¢n-1 Wn—1 J

and
woTof — w1121
c= :
Wn—2Tn—20 — Wn-10n—1Tn—13
Wn—1Tp—-10

A second order Taylor expansion of log f(y|a) around the posterior mode a° gives the
approximation

1
(3) log f(y|a) ~ ~5 [ozTHoz — 2cTa] + k,

where H = diag(hy,...,hy), c=(c1,...,¢cy) ", and for t = 1,...,n,
P f(ylew) _ Of(ye|ow)

and ¢ =
da?

ar=oy aat

(4) hy =

o
- htat .

ar=of

The sum of the right hand sides of (2) and (3) gives the second order Taylor series expansion
of log f(a|y) around «°:

1 = = - —- = —
log f(aly) = = [log |H| — nlog2m — a'Ha+ 2" a + EH_lé} +k,

[\)

where H = H + H and ¢ = ¢+ ¢. Since by assumption a° is the unique mode of a given
y and f(aly) is more than twice differentiable, H must be positive definite. This in turn
implies that the approximation is multivariate Gaussian.

Although framed differently, the multivariate Gaussian approximation is identical to the
approximation introduced by Durbin and Koopman (1997) as an importance distribution.
They constructed, as a device, a fully Gaussian state space model where the conditional
distribution of the latent states given y approximates that of the semi-Gaussian model.
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2.1. Implementation. Drawing from the approximate distribution involves finding a°,
H and € and then drawing o* ~ N(H™'¢, H™1).
a°, H and ¢ satisfy a® = H~12. One can find these values by iterating the computation

o = H(a) '¢(a) until numerical convergence, where H(a)~! and &(a) are defined in
the same way as H and ¢ except that the derivatives in (4) are evaluated at the value a
rather than at a°. I use the algorithm of Vandebril, Mastronardi, and Van Barel (2007) to
compute /. We will refer to this algorithm as the solver, since it solves a band diagonal

system. There is a forward pass and a backward pass. The foward pass is:
(1) Compute ¥ := 1/}:[11 and my = ¥1€1. B
(2) Fort =2,...,n, compute ¥, := (ﬁtt—ﬁgt_lEt,l)_l, and m; = Et(ét*f_[t,t—lmt—l)-
The backward pass is:
(1) Compute o, = my,. )
(2) Fort=n—1,...,1, compute oty = my — X Hy 110 4.
Once we have a°, we can draw o* from the approximate distribution using the algorithm

described in McCausland, Miller, and Pelletier (2007). Here, too, there is a forward and a
backward pass. The forward pass is the same as that of the solver. The backward pass is:

(1) Draw o ~ N(my, X,). -
(2) Fort=n—1,...,1, draw of ~ N(m; — Etgt,tJrlOéL_l, ).
Evaluation of the density g(-) corresponding to the approximate distribution is straight-
forward. We have

n l — _ =
10g g(a) = —5 10g(27’l’) — 5 Z [log(Et) + Zt 1(Oét — m¢ — EthtOét+1)2:|
t=1

While the multivariate Gaussian approximation is the same as the distribution Durbin
and Koopman (1997) and Shephard and Pitt (1997) introduce, the method described here
to draw variates is quite different, since it does not use the Kalman filter. McCausland,
Miller, and Pelletier (2007) compare their method with methods based on the Kalman filter
and find that their method is somewhat more efficient when one draw is required for each
value of the parameters and considerably more efficient when repeated draws are required.
MCMC is typically an example of the former. Importance sampling is an example of the
latter.

3. A FIRST REFINEMENT

In this section I propose a first refinement to the multivariate Gaussian approximation.
For the multivariate Gaussian approximation, Ey[oy|ou41,y] depends only affinely on a1,
but for the first refinement there are also quadratic and cubic terms. For the basic ap-
proximation, Varg[at|at+1] does not depend on ay41 at all, but for the first refinement
log Varg[ou|oi41,y] depends on ;41 through linear and quadratic terms. The conditional
distribution of «a; given ;41 and y is still Gaussian, but the distribution of a given y is no
longer multivariate Gaussian.
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To provide some intuition for the first refinement, I first describe the following im-
practical approximate distribution. It is closer to the target distribution but I do not
know of any computationally efficient procedure for drawing from it. The approximate
marginal distribution of «,, is the same as for the multivariate Gaussian approximation.

For t = n—1,...,1, the approximate conditional distribution of «a; given ayy1,...,an
is based on the quadratic Taylor series expansion of log f(ai,...,a¢at1,. .., an,y) at
(O‘I|t+1’ . ,a;|t+1), the conditional mode of (o, ..., a) given (ay41,...,a,) and y. There

is a multivariate Gaussian distribution whose log density equals this expansion up to an
additive constant. We know that its mean is (O‘IItH’ e ,a;|t+1), since that it its mode.
For 7 =1,...,t, I define Z;l t41 88 the implied conditional variance of a.; given ayy1. The

(impractical) approximate distribution is defined by
an|yNN(a$wEn)7 at|at+la"'aanay'\"N(O‘t.\t-ylﬂzat-{-l)? t:’I’L—l,...,l.

In the way previous draws are used to update the quadratic approximations of the log f (y¢|a),
this should be a better approximation of the target distribution than the multivariate
Gaussian approximation, which is based on the static quadratic approximations of the
log f(y¢|a) at af. Our simulation results bear this out.

g . . . 1 o _
Computing the it and Et|t+1 is feasible: for each ¢, we can compute ATy =
[ ] [ ] [ ] [ ] : [¢]

(O‘1|t+1’ . ,at|t+1) and (El‘tﬂ, R EtltH) in much the same way as we compute «® and

the ;. However, drawing the whole vector « in this way requires O(n?) operations and
this is impractical. I do not know of any method of computing these quantities exactly
using only O(n) operations.

However, we can do something almost as good using O(n) operations. Instead of com-
puting the a;| 1 and E;| 141 exactly, I use the following Taylor series approximations:

. . 1. 1...
(5)  af1 = af = of + du(ar — i) + sdr(am — afy)? + - A — agy)?,

2 6
. U _ o . o 1 o o 2
(6) log 33,1 ~ log X3, =1og X7 + $i(a1 — agyy) + §St(at+1 —agyq)”,
where I define
2 3
& = ao‘;|t+1 i = 9 a;\t—f—l - 9 i
t = t = —~— &5 = ——
da ’ da? ’ o ’
t+1 ars1=at,, 1 oy =ag, 41 [ 1=ag,,
) dlog Xy, 4 . 9log 241
= ——— and § = —
Oov 41 o Oy o
Qt+1=0 1 Q1=
I compute these five derivatives exactly, for t = 1,...,n — 1, using O(n) operations.
I derive difference equations for éy, é&; and &y in the following way. Let ¢t € {1,...,n—1}
be arbitrary. The log conditional density of a, ..., a; given ag41,...,ay and y is
1 - _ - _
log f(on:|aryr,y) = == (e — are) " Hi(on — dna) — Hygpronags +log f(yralane) + k,

2
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where H1. is the leading ¢ x t submatrix of H, y14+ = (y1, ... ,yt)T, a1t = (aq,...,a¢) and
a1t = E[aq,]. A first order necessary condition for aI:t|t+1 to be the conditional mode is

T dlog f(ylrt‘azzﬂt—i-l)

— r ) r
(7) Cl:t — Hl:talzt‘t+1 - (Oa ceey 07 Ht,tJrlatJrl) + aa-r = Oa
1:t
where ¢4 = (¢1,...,¢) . We can rewrite this as
r7e ° _ =e
(8) HY 04100641 = Clatfet 1
where
r7e 1 ° =e - . [ T
Hl:t|t+1 =Hit+ Hl:t|t+17 Claglpy1 = Clt + Crypqr + (0,...,0, =Hyppr0u41)
. 7 ° ° ° _ ° ° T
Litft+1 = dla‘g(h1|t+17 e 7ht\t+1)7 CrLijt+1 = (Cl|t+17 e 7Ct|t+1) ’
2 ° .
. 0%logf(yrlad,y) . 0log f(yrlag 4 ,) e e I
t+1 = ) t+1 = 1% 410 =Lt
T|t+ 3&% T|t+ o, T|t+15T|t+

Deriving difference equations for ¢y, & and &y involves differentiating (7) once, twice and
three times with respect to a;y1 and applying results based on the solver algorithm. I show
in Appendix A that &; is given by

(9) cy = —SHp i1, t=1,...,n—1,

that the &; are given by the difference equation

(10) &1 =Sined, =BG + ydide, t=2,...,n—1,
where I define, fort =1,...,n,

?*log f(y|ap) 0*log f(ye|oy)

"t = Ht—l,tEI?v P = and 1/1115 =

o} daif ’
and that the &; are given by the difference equation
G = Y(V165 + 3ydndn),
(11) G = SP(0168 + 3hpivdiy) + v (G188 + B 10uéyy), t=2,...,n.

I now describe how to compute s; and 5;. Recall that the solver, applied to the un-
conditional precision H and unconditional covector ¢, generates the conditional variances

31,...,2y, for the multivariate Gaussian approximation. In the same way, it gives the
conditional variances ZIl 41 and E;| (41 88

_ _ _ -1
° r7e —1 ° [7e r7e 2\ e
(12) 1)t4+1 = ( 11|t+1) ) ET|t+1 = [ Tr)t+1 T (H’T,T—l) T—1|t+1i| ;o T=1...t

Deriving difference equations for $; and §; involves differentiating (12) once and twice with
respect to ayy1 and applying results based on the solver algorithm. I show in Appendix B
that $; is given by the difference equation

(13) 51 = XN{a, §p = Ly + dy_16yyiSp—1, t=2,...,n,
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and that §; is given by the difference equation

§1 = 81 + D7 (¥1a7 + i),
(14) 5 = 57 + Do (Ly&d + hpdug) + yecu_1 (0751 4§16y + §7_1G7), t=2,...,n.

4. A SECOND REFINEMENT

In the first refinement, the approximate conditional distributions o;|ayy1,y adjust to
changes in the quadratic approximation of . _, log f(y-|ar) as ayy1 deviates from of 1
The conditional distributions are still Gaussian, but the approximate distribution «|y is no
longer multivariate Gaussian. The second refinement captures departures from Gaussianity
of the target conditional distributions |1, y.

The second refinement is based on an approximation of an approximation of the log
conditional densities log f(a|az+1,y). 1 first approximate log f(ay|ayt1,y) directly as a
third order polynomial in o4 of the following form:

1 -1 2 3
(15) log f(at|ars1,y) = —5(22\t+1) (e — O‘t*|t+1) + )‘:|t+1(0‘t - O‘:|t+1) ’
where O‘II 1o E:\ +yq and )‘:I 41 are determined below. While the approximation is quite

[ ]

tjt+1°
next approximate this approximation, up to an additive constant, by the log of a density
that is proper, fully normalized, easy to evaluate, and simple to draw from. The collection
of these indirect approximations of log f(o¢|ayy1,y), for t = 1,...,n, defines the second

refinement.

good near « it is not the log of a proper density, due to the unbounded cubic term. I

4.1. Finding « and \} We now proceed to find suitable values of the

t*|t+1’ Z:‘,k|t+1 tlt+1°
O‘:|t+1’ Eatﬂ and )‘:Itﬂ in (15). The case t = 1 is easy, since we know log f(a1|az,y) up
to an additive constant. We can write down its third order Taylor series approximation

[ ]
around af, as

1 [ ] — [ ] 1 [ ] [ ]
log f2(arlaz) = —5 (7)) Har —afp)* + VT2l — afpp)’ + k.

This leads to the following obvious choices:

1
(16) Ay = A, Bl =X, Ajp = ¥
Finding suitable values of aa 1 EZI 41 and )‘II 1 for t > 1 is more difficult, since we

do not know log f(a¢|ay+1,y) up to an additive constant. I assume for now that we have
available a good approximation of Elay_; — at’_1| .laz,y] as a second order polynomial in

a; — of. That is, I assume we know the constant (not depending on «) coefficients A;_1,
B;_1 and Cy_1 in the following expression:

1
(17) Elet—1]at] = A1 + Brrar + §Ct—1a§,
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where we define, for t =1,...,n — 1, ¢ = oy _at.\t+1 and fort =2,...,n, a; = o — 7.
Later in the section I will derive the approximations in (17), computing the A;, B; and Cj.
We are now ready to find an approximation for log f(cy|auy1,y) of the form given in

(15), for t > 0. We can write

(18) log f(oulaist,y) = loge(ay) + log f(yi|ay) +log fagri|ow) + k

where the integration constant c¢(ay) is given by

t—1 i—1
clon) = / flan)f(yilar) {H f(aT!aTl)f(yTlaT)} flanlony) T dorr-
T=2 T=1

We now proceed to approximate each of the non-constant terms of (18) as a third order
polynomial in ¢;. Later, we use the coefficients of this polynomial to determine aa 1
Mieer and Al

We begin with the first term of (18), logc(at). Taking the derivative of ¢(ay) with
respect to oy, we obtain

Ocay) -

t—1
day /f(m)f(yl\m){n f(oz7|aT_1)f(yT|aT)} of( ozt\ozt 1) H
=1

-1

We can write

t—1
- [ ftaws @1‘0‘1){Hf<ozfIozT-1>f<yT|ozT>}f<oz,:|ozt_1>81 ajfatl H
T=1
M — 1 aC(Oét) - E [810gf(at|at_1)

Doy c(oy) Oy Oay at}

= —wio w110 + w101 Elog—1| o]

_ 1
~ 2
N —Wi_1€t — wt_lat'uﬂ 4+ wi1x_ 18 — Ht—l,t(a;,”t + Ay + Bi_1as + §C’t_1at).

We can approximate oy 1 33 follows:
04;71“ ~ ato_l + _1as + §dt—1a? + édt—la?
o . 1. 2 1.. 3 . .. 1... 2
= oy g+ 10 + 5%—1@ + Eat—ltst + Q1 + Q10 + 50%71515 €t

1,. 1...
+§(Oltfl + Gyo16)€f + 60%7165

R ) . 1.. 1. . 1...
ooy gt <Oét—1 + Gy—10; + 2at—15t2> €+ i(at—l + at_15t)6? + 60415—15?-

Similarly, we have

1 1 1
Ay + Bi_1as + iCt_la? = (Ay_1 + Bi_10; + §Ct—15t2) + (Bi—1 + Cyi—10p)er + §Ct—16t2-
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Gathering coefficients of 1, ¢ and €7 and dropping the cubic term, we write
0log c(ay)
Bat

Q

° 7 ° 1
[—wt1at|t+1 +wi1x18 — Hy1y (Oét_1|t+1 + A1+ Bi16: + 2@1@?)]

= ) . 1..
+ [th —Hi_14 <at1 + y—10; + §at715t2 + Bi_1 + Ct15t>:| €t

1 - ..
=+ B [—Ht—Lt(Oét—l + Q10 + Ct—l)] 6.

Integrating the right hand side, we obtain

° r7 ° 1
logc(ay) =~ [—wt—104t|t+1 twi1we 18— Hy 14 (at1|t+1 + Aiq + Bi_10; + 2@4@?)] €t

1 _ ) .. 1...
+ B [—th —Hi 14 (atl + 10 + 5047%15? + B+ Ct15t>:| €

1 _ .
+ 5 [—Hi—14(6—1 + @116 + Cy—1)] e+ k.

I now approximate the second term of (18), log f(y¢|c), by its third order Taylor series

. ° .
expansion around at|t+1'

a log f(yt|at.|t+1) i 1 62 log f(yt’a;‘prl) 2 1 83 log f(yt|a;|t+1) 3
€ — € — €
Oay "2 da? L6 o !

. ° . ° 1 . 2 1 . 3
= log f(yt\atml) + (Ct\t+1 - ht\t+1at|t+1)6t - §ht|t+16t + gwt\tﬂet'

log f(ytlar) ~ log fyelagy ) +

The third term of (18), log f(cu+1|ay), is already quadratic in a4, so we can write it exactly
as the following polynomial in €;:

1
log f(Oét+1|Oét) = _iwt(at—&-l — 5 — ¢tat)2

R 1
= k+ <wtq§tat+1 — widrx 3 — wtqﬁfat‘tﬂ) € — iwtqﬁ?e?.

Now we have all non-constant terms of (18) approximated by explicit third order polyno-
mials in ;. We ignore the constant coefficient, which corresponds to the normalization con-
stant of f(c|ay11,y). Using the definitions Hy = wy_1+wid? and & = wy_ 1241 B—wi 13,
we can write the coefficient of ¢; as

= ° I7 ° ° I7 ° r7 r7 1
(€ + 1) — (Hee + hijyy 1)1 — Hegm109 10 — Hegrioue — Heg (At—l + Bi—10: + §Ct—15t2
=e rre . [ . I [ 1
= Cipy1 — Htt|t+1at|t+1 - Ht,tflat—1|t+1 — Hygpr041 — Hegn <At1 + Bi—10 + 20t15t2>

_ 1
= —Hi4q <At—l + Bi_10; + 2C'1t—151t2> .

To compute the final right hand side of this equation, I use the last element of the vector
equation in (8).
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I write the coefficient of €7 as

1 - ° 7 . . 1 —
5 Hy + ht|t+1 +Hi1y (atl + 410 + 204t5t2> + Hi14(Bi—1 4+ Ci—1)d;
1=, . _
= o M Ht2—1,t2t_1|t + Hy14(Be—1 + Cpﬁt)}
Lrew 1 =
= 73 (Xfjer1) "+ Hi14(Bioy + Ct—lfst)} :

For the final line of this equation, I use equation (12), with 7 = ¢.
The coefficient of €} is

1

6

Gathering terms, we now have the following approximation g(e;) of the log conditional
target density log f(e]a+1):

[d)t.‘t_H - -Htfl,t(dtfl + bé”tflfst + thl)} .

1w _ 1
gler) = —5( t‘t+1) 163 —Hip <At1 + By_10: + 2Ct15t2> €
1. 17, o _
(19) *§Ht,t71(Bt71 + C-161)€} + 5 [1/1t|t+1 — Hyp1(p—1 + A4—16¢) — Ht,tflctfl] e

A good choice for afj, ; would be a7, ; + €, where €" is the local maximum of g(et)

near zero. This local maximum €* must satisfy

8 6* ° —1 _* [ 1
gi}t) = —( t|t+1) Lex — Hiiq <At—1 + Bi—10: + QCt—l‘S?fQ)
_ 17, _ i} N
(20) —Hy1(Bi—1 + Ci16)€” + 2 [¢t|t+1 — Hyy1(G1 + @10+ Cra) | (€)% = 0.

Finding the roots of this equation is feasible, but computationally intensive since a
floating point division is required. Instead we will find a first order approximation of the
root near zero. It is easy to see that for A1 = B;_1 = Cy—1 = 0, we have a root at
zero. We first find the first partial derivatives of (20) with respect to A;—1, By—1 and C;_1,
evaluated at A;_1 = B;—1 = C;_1 = 0. We obtain

0?g(e*) | O€* _
=—(Z) = —Hyy 1 =0,
0A;—10¢€ At—1=B;-1=Cy—1=0 et A Ay 1=B; 1=C;_1=0
&g(e") | O¢ -
= =—-3%1) 55— — Hyy10; =0,
OBy 10¢; Ay 1=B;_1=C;_1=0 et OB At 1=B;_1=C;_1=0
d%g(€*) | O€* 1 9
) () — CHy 102 =0,
OCt-10¢; Ap—1=B;-1=Ct_1=0 et Cs1 At—1=Bt_1=C;_1=0 2
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Next, we solve these equations for the first partial derivatives of ¢* with respect to A;_1,
B;_1 and Cy_1, evaluated at A;_1 = B;_1 = Cy_1 = 0, to obtain

Oe* Oe*

At At—1=B;1=Cy—1=0 IB1 At—1=B;-1=Ct—1=0

° r7 ° r7
= _Et\t—HHtvt—l’ = _Et\t+1Ht7t—15t7

Oe* lae A
= f§zt|t+1Ht7t715t2.

9C; 1 At—1=B;_1=C;_1=0

We now define

(21) 0‘;|t+1 = 0‘;|t+1 + 6:\75—1-1’
where GII i+ is the following first order approximation of the local maximum of (19) near
Zero:
o _ 1

(22) 6:#—1—1 = _Et\t—l-lHtvt_l <At—1 + Bt_15t + 20t_16t2> .
Ideally, I would choose E:I ¢41 SO that —(Ez“ . +1)_1, the second derivative of (15) with respect
to oy at a;‘| ++1 matches the second derivative of (19) with respect to ¢ at ea t+1- The latter
is given by:
0%9(€j41)

+1 o = . = .
oe2 = —(Zf1) ' Hyy1(Bioy + Ci18y) + ey — Heg—1 (1 + A6 + Ct—l)] 6:‘t+1'

*

Using the approximation log(1+x) ~ 14z, reasonable for small z, I define ¥ W

indirectly
by defining its logarithm as follows:

t|t+1
(23)+ =, {—ﬁt,t_l(Bt_l +Cdy) + [w;‘m — Hyp (g + Gy 0y + ct_l)} e;|t+1.}

log E:|t+1 = logXx

I define A}, as 1 /6 (the 3rd order Taylor series coefficient) times the (constant) third
derivative of (19) with respect to ¢:

1 839(5:|t+1)

24 M = =
(24) 6 Oe

17, L
e+ =3 [%tﬂ — Hyy1(Gpq1 + @410 + Ct—l)} :

I have now defined « 2:\1&4—1 and A\ in terms of A;_1, B;_1 and Cy_;.

*
tlt4+17 tlt+1

4.2. Computation of A;, B;, C;. I now need to compute values of A;, By and C; to
approximate Elet|ait1,y] as

1
(25) Elerlarir,y) = A+ Buagyr + 5Cias.
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I begin by computing Ay, B; and C';. We can write

1 1
Blaloa] ~ [ fuai0.51) (1+ ot ) a1 des = gulpBile] = 5utp(Et,)

Q

1 ) 1 . o . ..

3 [+ v + (w4 o] (S exp(zinan + 1),

where fn(+;u,X) denotes the density of a Gaussian random variable with mean p and
variance . The second order Taylor series expansion of this expression around as = 0

gives the approximation Ele1|as] = Ay + Biag + %Cla%, where

1

(26) A = 5(2‘;)21/;1,
(27) B = %(zg)?(zmsl +lan),
(28) Ci == (20) (453 + 281)1 + (48160 + a1)¥) + adyl] .

I now compute Ay, B; and C; for ¢t > 1. I decompose Elet|ait1,y] as
(29) Elet]aitr,y] = €:|t+1 + Eley — 6:|t+1‘05t+17 yl-

I approximate the first term of (29) as

) 1 1 . .
eat+1 = 7t €xp <3t0t+1 + 23tat+1) [At 1+ Bi1dgai + 2(Bt—lat + Ct—la?)afﬂ
I can approximate this in turn by its second order Taylor series expansion around as41:
6f|t+1 ~ A1+ (vAi—15: + v Bi—10y) a1

+ 5 [(’YtAt—l(S? + 5¢) + e Br-1(2540y + dy) + ’YtCt—la?] afﬂ‘

Following the example of computing E[el\ag] in (25), I approximate the second term of

(29) as Ele|oyyr1,y] — € A 3(Z:|t+1) A% then (Z:|t+1)2 as

*
t|t+1 tjt4+1°
(Zh)® ~ (Bh00)” ~ (B2)? exp(281a041 + 8raf11) ~ (39)* (1 + 280ari1 + (37 + 80)aiyy),

and 6% 1 as

t)t+
6Afjip1 A Vhyr — Hyp1(é—1 + @10 + Ci)

= .. _ 1
= [1/1t - Ht,t—l(at—l + 10 + Ct—l)] + (1/12 —Hpp1G41)0 + 51/12/5?

= Y+ oy + 5 (wtat + wi’a?)am,
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where 9y = 0y — Hyy—1(é4—1 + Ci—1) and ¢} = ¢, — Hy 41 G¢—1. Multiplying 3 times the
approximation for (E:| . +1)2 times the approximation for )\j;| 141 and retaining terms up to
order 2 in asy1, we obtain

(30)
1 cove 7 T ) . C e
Elet|agy1,y] = §(Et)2 {0 + (20080 + icu)arir + [(487 + 28)0 + (4806 + Gy + 67¢)] aiy }
Adding the two terms (30) and (30) approximating the two terms of Fle;|ay11,y] in (29),
we obtain

1
Eletogi,y] = Ar + Brag1 + ECN%H,

where
1 cona
(31) A = §(Zt)2¢t + A1,
1 -, — . ) .
(32) By = 5(22)2(21/%51‘/ + ycu) + veAi—150 + e Bi—16u,
1 ) -y T .. .\ T .

Cy = 5(22))2 (487 4 28)r + (48e6u + Gu)y + 70

(33) +’YtAt—1(<§t2 + 8;) + v Bi—1 (2648 + 6y) + ’YtCt—ldtQ

4.3. A Skewed Approximate Distribution for ai|a;i1,y. We can now compute all
the quantities in the expression for the approximation of log f(ay|ai+1,y) in (15). Since
the approximation is based on Taylor series expansions around a;‘ 14 and af, we expect
it to be good near those values. Unfortunately, it is not the log of a proper density, due
to the unbounded cubic term. I now give an approximation of this approximation, up to
an additive constant, by the logarithm of a density that is proper and fully normalized.
It is easy to evaluate the density and to draw random variates from the distribution it
represents.

Using the approximation e” ~ 1 + x, we approximate (15) near o

He41 UP to a positive

multiplicative constant by the following function.

1
2

—-1/2

[ (o) = (27rzt*\t+1) exp [— (E:|t+1)_1(04t - a:|t+1)2:| [1 + “(A:\tﬂ(at - O‘at—&-l)?)] )

where

sign(z) |z| > 1.

u(z) = {x lz] < 1

*
t)t+1

is very close to 0 and thus u(A(ay — aat+1)3) = Moy — O‘:|t+1)3' We use u to ensure that
f* is non-negative everywhere. Choosing a function that is odd around «

In practice, A is small enough that in the region of high probability, )\:| . +1(oet — aa . +1)3

*
Hirt makes the

normalization constant easy to compute.
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We take the density f*(cy) as defining the conditional second refinement distribution.
Since u(/\lt| i (o — a:I t+1)3) is an odd function of ay around «f, f* is a proper and fully
normalized density.

We can draw a random variate in the following way. We first draw a a; from the Gaussian
distribution with mean oy, ., and variance EII 1 I (o — aa 1) and )‘II ++1 have opposite
(o — oz;f‘Hl)3 we replace oy with afy, 4 — (o — a:\tﬂ)'

e
signs, then with probability A

*
tlt+1
4.4. An algorithm for drawing «. I now outline the algorithm for drawing « from the
second refinement approximate distribution.

(1) Compute ¥4, ...,%, using the forward pass of the solver.

(2) Compute &y, dy, 0y, $ and §, t = 1,...,n, using equations (9), (10), (11), (13)
and (14).

(3) Fort=1,...,n— 1, compute A;, By and C; using equations (26), (27), (28), (31),
(32) and (33).

(4) Fort=mn,...,1

(a) Compute a3,4q and X33, using equations (5) and (6).

(b Her1 2:|t+1 and j‘at—l-l using equations (16), (21), (23) and (24).

(

)
c¢) Draw ay ~ N(&3,, ,,2
) tlt+1

*
tjt+1° t|t+1)'
If oy — o??| i1 and A5, | have opposite signs, then with probability )\t*‘ . +1(at —
3 .
O‘:|t+1) replace a; with ozatJrl — (¢ — O‘t*|t+1)'

Compute &

d

5. TAIL BEHAVIOR

It is desirable that an approximation g(«) have the property that the ratio f(«|y)/g(«)
be bounded. In the context of importance sampling, this guarantees the boundedness of the
importance weights, an important condition for the existence of the variance of importance
sample means: see Geweke (1989) for example. In the context of independence Metropolis
Hastings Markov chains, this guarantees the geometric ergodicity of the Markov chain: see
Roberts and Rosenthal (1998).

There is no reason to suppose that the approximation g(«) introduced here has this
property. In particular, the simulations of the next section do not demonstrate this, even
for the examples considered. They only suggest that the region, if any, where the ratio
f(aly)/g(a) becomes much larger than its mean value has extremely low probability.

Fortunately, it is quite simple to modify any approximation g(a) so that the ratio
f(aly)/g(«) is bounded. The simplest solution is to mix in the marginal density f(«a)
into g(«), replacing g(«) with (1 —m)g(a) + 7 f (), where w € (0,1). A small but non-zero
value of 7 is sufficient and does not overly distort the approximation in the region of high
probability.

This solution may be less than satisfying as a practical device. For state space models
with tens of thousands of observations, the prior will typically be extremely diffuse relative
to the posterior. A better alternative might be to mix in the density f(a:|oyy1) with the
conditional density g(a¢|ais1) for all (or a random number of) periods t.
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6. AN EMPIRICAL EXAMPLE

As an example, I consider a simple stochastic volatility model which, together with
variants differing only in parameterization, is widely used. The log-volatility equation is
ay = (1 — ¢)d + ¢at_1 + U,
and the return equation is
g = ey,
The error sequences {u;} and {v;} are Gaussian white noise and mutually independent.
The precision of u; is w and the precision of v; is 1. We observe the return y; fort =1,...,n.

Jacquier, Polson, and Rossi (1994) propose a posterior simulator that draws volatil-
ity proposals one observation at a time. The high posterior autocorrelation of volatility,
especially for daily returns, leads to highly autocorrelated posterior draws.

Kim, Shephard, and Chib (1998) (KSC) transform the model into a linear one, and
approximate the random component of the transformed model as a mixture of Gaussian
random variates. They employ a data augmentation scheme where mixture component in-
dicators are included in the vector of unknown quantities. Given the component indicators,
the approximate model is linear and Gaussian, allowing them to draw all volatilities and
parameters as a block. Since volatilities are highly correlated with each other and with
parameters, this improves numerical efficiency.

The chain’s stationary distribution is only an approximation of the posterior distribution
and to obtain simulation-consistent sample moments they re-weight draws. Re-weighting
and data augmentation imply lower numerical efficiency than for independent draws.

The simple stochastic volatility model is a special case of the state space model described
in the introduction, with

ﬁll:Hnn:W7 ﬁtt:W(1+¢2) t:2,...,n—1,
I:A’t,tJrl:_W(b, tzl,...,n—l
Gi=cn=>01-¢)a, ¢=010-¢)a, t=2,...,n—1,

1 0
yZe O, =3 ;y?efo‘t(l—l—cylf)—1}7 t=1,...,n,

wt:hta wéz—ht, w{f/:hta tzl,...,n.

In the rest of this section, I use simulation exercises to evaluate how well the 2nd re-
finement works for this stochastic volatility example. In all simulations, we set @ = —9.0,
which implies that when the log volatility is at its mean, the standard deviation of re-
turns is around 0.01, which is reasonable for stock returns. Since exp(@/2) is just a scale
parameter for returns, the value of & has no bearing on our results.

I vary ¢ and w across simulations. I use the following values of ¢: 0.8, 0.9, 0.95, 0.98, 0.99.
Jacquier, Polson, and Rossi (1994) examine several financial returns, including those of
major currencies; market indices; portfolios of first, fifth, and tenth decile stocks, by market
capitalization, listed on the New York Stock Exchange; and individual stocks varying in
market capitalization over a factor of about 370. They also report results obtained by



THE HESSIAN METHOD (HIGHLY EFFICIENT STATE SMOOTHING, IN A NUTSHELL) 17

other researchers. All estimates of ¢ for daily returns exceed 0.95. All estimates of ¢ for
weekly returns exceed 0.8.

For each value of ¢, I use three values of w. The three values are chosen such that the
corresponding values of the coefficient of variation of volatility are 0.25, 0.75 and 2.5. The
coefficient of variation is the following function of the parameters ¢ and w:

Varlesp(a))] _ ( 1 >_1.

Elexp(ay)]* w(l—¢?)

Most of the estimates of the coefficient of variation in Jacquier, Polson, and Rossi (1994)
lie between 0.5 and 1.0. The highest reported estimate is 1.61, with a posterior standard
deviation of 0.38. Thus, the high value of the coeflicient of variation is quite extreme.

Intuitively, lower values of w, the precision of a; given a;_1, mean lower relative weight
for the quadratic part of log f(«|y) relative to the non-quadratic part. We can write, for
example,

2
(jatg log f(at|oi—1,yt) = —w — %%2 exp(—au).
The first term, which comes from the marginal density of a4, is constant. The second term,
which comes from the conditional density of 3; given oy, depends on «y but its expected
value, conditional or not on a4, is -0.5. Thus we can interpret w as a measure of the relative
weight of the quadratic to non-quadratic parts of log f(a|y).

In the first simulation exercise, I do the following for all pairs (¢,w). I first simulate
n = 10000 returns using the stochastic volatility model and the given values of ¢ and w.
For daily returns in markets open five days a week, n = 10000 corresponds to about 40
years of data; for weekly returns, 200 years. Thus the worst case I consider, with a low
value of ¢ even for weekly data, extremely high variation of volatility and n = 10000 is
quite severe. I draw a sample of size M = 10000 from each of the three approximations and
report the sample standard deviation of the log ratio between the target and approximate
densities. Table 1 shows the results.

In the second simulation exercise, I assess the performance of the second refinement
as an importance distribution for the stochastic volatility example. For each pair (¢,w),
I simulate n = 10000 returns, then draw a sample of size M = 100 from the second
refinement distribution. I use the sample as an importance sample to estimate the log
likelihood evaluated at the true value of the parameters. I report, in Table 2, numerical
standard errors for the log likelihood estimate.

In the next two simulation exercises, I assess the second refinement as a proposal distribu-
tion in a Metropolis Hastings chain whose target distribution is the conditional distribution
of a given y, &, ¢ and w.

The first Metropolis-Hastings simulation exercise measures the numerical efficiency of
estimating the conditional mean of « given y, &, ¢ and w. For each pair (¢,w), I simulate
n = 10000 returns, then draw a Metropolis-Hastings chain of length M = 5 x 10%. The
proposal distribution is the second refinement and the target distribution is the conditional
distribution of « given y and the true values of &, ¢ and w. For all t = 1,...,n, I compute
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TABLE 1. Standard deviation of log f(a*|y)/g(a*) by ¢ and w

10} w MVN proposal 1st refinement 2nd refinement
0.80 12.45 4.370 2.841 0.107
0.80 4.96 10.085 6.624 0.365
0.80 2.22 18.822 12.739 1.035
0.90 23.59 4.118 2.568 0.049
0.90 9.40 8.226 5.153 0.154
0.90 4.20 13.946 8.623 0.468
0.95 45.96 3.378 2.103 0.027
0.95 18.33 6.165 3.796 0.069
0.95 8.19 9.896 6.046 0.186
0.98 113.17 2.428 1.463 0.014
0.98 45.12 4.056 2.438 0.034
0.98 20.16 6.303 3.820 0.062
0.99 225.20 1.781 1.070 0.009
0.99 89.80 2.927 1.771 0.021
0.99 40.11 4.422 2.687 0.034

TABLE 2. Numerical standard error for the importance sampling log likeli-
hood estimate, by ¢ and w

¢ w numerical standard error
0.80 12.45 0.0109
0.80 4.96 0.0782
0.80 2.22 0.1336
0.90 23.59 0.0052
0.90 9.40 0.0152
0.90 4.20 0.0524
0.95 45.96 0.0029
0.95 18.33 0.0070
0.95 &.19 0.0157
0.98 113.17 0.0013
0.98 45.12 0.0027
0.98 20.16 0.0061
0.99 225.20 0.0008
0.99 89.80 0.0019
0.99 40.11 0.0039

the relative numerical efficiency! (RNE) of the sample mean of oy, using the batch mean

IThe relative numerical efficiency is the ratio of the squared numerical standard error for a hypothetical
random sample to the squared numerical standard error for the Markov chain.
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method. The number of batches is 500 and the batch length is 10000. In Table 3, I report
the average (over t) relative numerical efficiencies for all pairs (¢, w).

TABLE 3. Relative numerical efficiency for a draws, by ¢ and w

0] w average RNE

0.80 12.45 0.88
0.80 4.96 0.39
0.80 2.22 0.06
0.90 23.59 0.95
0.90 9.40 0.83
0.90 4.20 0.42
0.95 45.96 0.97
0.95 18.33 0.93
0.95 8.19 0.78
0.98 113.17 0.99
0.98 45.12 0.97
0.98 20.16 0.93
0.99 225.20 0.99
0.99 89.80 0.98
0.99 40.11 0.96

The numerical inefficiency of independence Metropolis-Hastings chains arises from the
rejection of proposals. I examine this issue in more detail in the last simulation exercise.
For each pair (¢,w) and all three proposal distributions, I estimate the unconditional
distribution of the number of proposals that will be rejected before the next acceptance.

Figure 1 shows probability mass functions up to a run length of 50. Each plot is for a
different pair (¢,w). From top to bottom, the values of ¢ for all the plots in a row are
0.8, 0.9, 0.95, 0.98, and 0.99. From left to right, the values of the coefficient of variation
of volatility for all the plots in a column are 0.25, 0.75 and 2.5. Each plot shows the log
probability mass function for the multivariate Gaussian proposal, the first refinement and
the second refinement. In all cases, the second refinement has the thinnest tails, followed
by the first refinement. The multivariate Gaussian proposal always has the thickest tails.
Where it seems that one or two curves are missing, all probabilities are below 1076,

For a given pair (¢,w), and given y, I estimate the probability mass functions in the
following manner. I draw samples of size M = 20000 from each of the three approxima-
tions. For each draw o™ from the second refinement sample, I compute the conditional
probability that, given a(™) is the chain’s current state, of accepting the next proposal
drawn from a given approximate distribution by averaging Metropolis-Hastings acceptance
probabilities over all draws in the sample associated with that distribution. This yields
a geometric conditional probability mass function for run lengths given that (™ is the
chain’s current state. I obtain the unconditional probability mass function by averaging
over the o™ 1,..., M, using importance sampling weights.
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FiGURE 1. Probabilities of numbers of rejections on a log scale. Values
of ¢ are, from top to bottom, 0.8, 0.9, 0.95, 0.98 and 0.99. Values of the
coefficient of variation of volatility are, from left to right, 0.25, 0.75 and 2.5.
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7. CONCLUSIONS

The two refinements described in this paper define a new approximation of the con-
ditional distribution of a given y in univariate semi-Gaussian state space models. For
the stochastic volatility examples I consider, the approximation is dramatically closer to
the target distribution than is a multivariate Gaussian approximation. When the relative
precision of the Gaussian marginal distribution of «, compared with the precision that y
contributes through f(y: ), is high, as it is for daily data and low or moderate variation
in volatility, the variance of the log ratio of target to approximate densities is reduced
by a factor in the thousands. Even when the relative precision is low, as it is for weekly
data and volatility with low persistence and high variability, the variance reduction is in
the hundreds. Applied as an importance distribution or a proposal distribution, the new
approximation works well for problems where the multivariate Gaussian approximation is
infeasible.

If these improvements carry over to other semi-Gaussian state space models, importance
sampling and independence Metropolis-Hastings should become feasible for many problems
where they are currently impractical. The approximation is not model specific, and one can
implement it for a new model by providing routines to compute derivatives of log f(y¢|ay).
This is not trivial, especially since we use derivatives up to the fifth. We note, however, that
one can use numerical derivatives or other approximations. The approximate distribution
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may deteriorate as a result, but we will still be able to evaluate and draw exactly from an
approximate density.

While it does not seem worth the trouble for the stochastic volatility model, there
remains scope for further refinements. In particular, we could add higher order terms to
the approximations d;‘ 41 and log ﬁ)t‘l 41 of at‘l 41 and log E;| 41 We could add a quartic
term to the log of the approximate conditional density, although it would be difficult to
construct a fully normalized approximation and to draw variates.

Possible future work includes applying the ideas of this paper to more general models,
such as state space models with multivariate states or models with hidden Gaussian random
fields.
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APPENDIX A. CONDITIONAL MEAN DERIVATIVES

In this appendix we derive, for ¢t = 1,...,n — 1, the first, second and third derivatives
Ay, ¢y and &y of a;‘tﬂ with respect to ay11, where (ocIltH, ... ,a;|t+1) is the conditional
mode of ay, ..., given ayyq, ..., q, and y.

A.1. First derivative. Taking derivatives of both sides of (7) with respect to a4 yields

0
= aa;t\t—f—l : aa;t|t+1
34 CH e ) e L
(34) S 0 L Gy
Hii1

Rearranging and setting az41 = a1 gives:

0
N e% .
(35) Hy, — 2t _ :
Doy S 0
o —Hi 1

We can use the solver to solve equation (35) for the vector of first derivatives on the left
hand side. This gives the solution in terms of the following difference equation:

°
dag, _ _yof
a — T dtt41,
Q41 o
Q1= g
[ ] °
ao‘f\tﬂ o 7 aO‘r+1|t+1
87 :_ZTHTvT'f‘lai T:t—].,...,]..
Q41 O+1

Qip1=0g Qrp1=ag
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Since t is abitrary, we have from the first equation that ¢y = =X Hy g fort =1,...,n—1,
which is the result in equation (9).

A.2. Second derivative. Taking derivatives of both sides of (34) with respect to az41
yields

2 e ° ° 2 e
(36) i 9 Qetft41 8H1:t|t+1 ao‘l:t\tﬂ . 0 O tft+1 0
— 11 5 - “Higtr1— 5 2 =Y
dai,, dagr1  Dapy 1902,

Rearranging and setting a1 = oy | gives:
2_
" aO‘I|t+1
L\ Pata

at+1:a§+1 80‘:\t+1 2
Q;Z)t dap 1

We use the solver again to solve equation (37) for the vector of second derivatives on
the left hand side. This gives the solution in terms of the following difference equation:

(37) Hy

Qpp1=00

2 e
.90 ®tle+1
(38) Q = D02, = My t+1,
S N PR
1=y
2 e 2
9 Qrlt+1 .0 A 1)t+1
(39) 2 = Mrt+1 + Q7 5 , T=t—1,...,1,
dag 4 3 dag, 4 .
Qp41=0 1 Qt+1=%
where the m; ;1 are given by the forward pass
oas ’
e
1t+1
(40) mie1 =391 | 5 — ;
Oayiq 5
Q4 1=0
ool :
Tlt41
(41) Mri+1 = E;)—T/J‘r OT +YrMmr—144+1, T = 2,...,t,
t+1

Qr41=ag

where, recall, for all 7, v, = Ei]’ij_l.
If we take O‘;|t+1(at+1) = a;‘t(a;‘tﬂ(atﬂ)) we can write

oo’

. .
Tit+1 8047_|t O

tt+1
8at+1 80@ 804t+1
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using the chain rule. Taking another partial derivative with respect to o441, again chaining
through oy, we obtain

2. e 2 e 2 . 2
(42) 9 Q41 _ 0 Qe aO‘;|t+1 + aaﬂt 9 0‘;|t+1
o 4 da? Oagq doy Do,y
Taking 7 =t — 1 and setting ay11 = a7, we obtain
2
9 a;—l\t—i—l . .2 . ..
902 = 104 + Q104
Qi1

Q1=
We now write equation (39), with 7 set to t — 1:

2 e
9 A 1jt4+1

B =my_1441 + Qq_10y.
1

apr1=ay
Substituting this equation in the previous equation gives
(43) My_1441 = GF 1.
We now write equation (41), with 7 = ¢:
M+l = Zfi/)td? + Yemg—1441-

Substituting equations (38) and (43) in this expression gives:

Gy = Do + Q1.
Equations (38) and (40), with ¢t = 1, give
G = Bjgaf.

Since ¢ is arbitrary, the two previous equations give the result in equation (10).

A.3. Third derivative. Taking derivatives of both sides of (36) with respect to a1
yields

B L ] 3 pa L] L] T
/e ao‘1|t+1 1 390 dO‘1\t+1 a2“1\t-~-1
1|t+1 8at+1 1|t+1 8at+1 a2
Pas o Bas
- Litft+1 . Lit[t41
—let73 - Hl:tig =0,
daiyy 3 9oy
oa? da? 92’
¢/. t]t+1 1 30 tlt+1 tt+1
t|t+1 80ct+1 t‘t-i—]. 8at+1 6a§+1
where
3 4
. _ Olog f(y-lar) w _ 0%log f(y-|ar) 14
Vo1 = 903 Vo1 = Do T=54.
T aT:aT‘t-‘rl T OZT:OZT‘t+1
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Rearranging and setting a1 = oy | gives:

wa(

U

4

L[]
8a1\t+1

O 41

L]
8at|t+1

a1
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3
) s

5 :
) s

L[]
X t+1

o]
Oyt

L]
8az|t+1
Oag41

2 e T
< Xlle41

2
daiyy

92a’

tt+1

2
80‘t+1

Qpp1=0g

We use the solver again to solve equation (44) for the vector of third derivatives on the
left hand side. This gives the solution in terms of the following difference equation:

3. e
e 9 ®tle+1 _
(45) ay = a3 = Mtt+1,
daii
Q1= 4
3 e 3 e
°al, g _ AL
(46) 5.3 =Myl + O —(F 55— , T=t—1,...,1,
day, 4 dag, 4
Qrp1=0g QL 1=07 4y
where the m; ;1 are given by the forward pass
. 3 . 2 e
_ o | o (9% 9oy 070,
(47) migr1 =27 Y1 | 55— | +3 3 ;
6C¥t+1 80@4.1 (9Oét+1
Qpp1=0g
(48)
. 3 a 2 e
« 0«
_ / T[t+1 T|t+1 T|t+1 _
Mmri+1 = 270- T + 31?7 2 +7Tm7'—1,t+17 T = 27 2
Oy Oapyr Oagyy

atp1=0g

Taking the partial derivative with respect to ayy1 of both sides of equation (42), again
chaining through oy, we obtain

3. e 3 e ° 2 e ° 2 e ° 3 e
9 Qe+l o Qe 80‘1t|t+1 9 Qe aat|t+1 9 Q41 6aT|t 9 41
aaf 1 o} Oy 0a? Oyt aa? 1 Ooy aaf 1

Taking 7 =t — 1 and setting a1 = oy, we obtain
3
9 O‘;—1|t+1

90 = Q104 + 301000 + Gy—1 0y
t+1

Oét+1:a?+1
We now write equation (46), with 7 set to ¢ — 1:

3 e
9 X 1|t+1

903 = My—1,41 + Q—1 Q.
t+1

at+1=af+1
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Substituting this equation in the previous equation gives

(49) Mg 10401 = Oy 100 + 361 iy

We now write equation (48), with 7 = ¢:

M1 = g (V1G5 + 3ubpcudiy) + YVemy—1,441
Substituting equations (45) and (49) in this expression gives:
A = P (VA7 + 3pducyy) + (167 + 3éiy—10udy).
Equations (45) and (47), with ¢t = 1, give
ay = D9 (Y& + 3ubrdndn)

Since t is arbitrary, the two previous equations give the result in equation(11).

APPENDIX B. CONDITIONAL VARIANCE DERIVATIVES
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In this appendix we derive, for t = 1,...,n — 1, the first and second derivatives $; and

8¢ of log E;|t+1 with respect to oy 1.

We begin with some useful preliminary results. Differentiating log 2271\ 141 With respect

to ayy1, chaining through oy, yields

dlog X )1 dlog Y 6a;|t+1
Qi1 Qg Q41
Differentiating again with respect to ayy1, we obtain
2 . 2 . . 2 ° 2 e
O log ¥y 4y, Ologxp ), [day,., dlog 27 ), 97, 1y
(51) 9o T T oal 9 T 2
gy o Q1 a dag,
Setting ay 11 = oy, in (50) gives
dlog¥y |
—1[t+1 .
52 e — $_16,
(52) oy S

Qp1=0g
and setting a1 = oy, in (51) gives

9% log 2

(53)
Oafﬂ

. .92 . .
= St 104 + St_104.

atp1=0g

Differentiating h with respect to ay41, chaining through oy, yields

tt+1
(54) 8h;|t+1 _ e a0‘1?|t+1
Oag1 1 Gy

Differentiating again with respect to a;y1, we obtain

27,0 ° 2 2 e
aht\tﬂ ‘e <8at|t+1> . aat|t+1

55 Z et Ul ) e T il
( ) aat2+1 t|t+1 (9Oét+1 t|t+1 80&?+1
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Setting ay41 = aj,, in (54), we obtain

6ht.|t-s-1

56
(56) Oagyq

= =iy

Q1=0g
Setting a4 41 = a7 in (55), we obtain

2

O Nijt41

(57)
8a§+1

= — 0 — Pyl

at+1:0‘§+1
B.1. First derivative. For clarity, we rewrite the equations in (12) as

_ -1
(58) ZI\tH = (Hll + hI\t—i—l)

-1
. [ . r72 .
(59) Yerr = (Bor 4 B = B2, 50 ) T=2000t

Taking the logarithm of equations (58) and (59) then the derivative with respect to ay41
gives

(60) dlog X7, _ _ye Oh)i 4

Oa41 U+ Doy
and for 7 =2,...,1t,

dlogX2y, e OhZ A2 X7 11114
8&t+1 T|t+1 3O<t+1 T—1,7 aOét+1
N % Ly 2 . 1 0%
T|t+1 i1 Tlt+1Hdr—1, 7~ —1|t+1 E;_1‘t+1 8at+1,i
oh? Olog X2°

61 S put sy G0 5 N < AR [0 5\ S - A uniasy
( ) Tt+1 3at+1 +( Tlt1HT 1,7)( T—1t+1H7 177) 3at+1

Taking ¢t = 1 and a1 = oy in (60) and using (56) gives
$1 = Xidn
Taking 7 =t and ay41 = o, in (61) and using (52) and (56) gives
5t = phrey + Yelep—16uSt—1.

Since ¢ is arbitrary, the two previous equations give the result of equation (13).
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B.2. Second derivatives. Taking derivatives of equation (60) and the first equation of
(61) with respect to az41 gives

2 ° ° ° 2170
0 IogEl'tJrl B _821|t+1% B 0 T
304?_,_1 Oapr1 Oagq Lttt 05%4_1
° 2 2170
Do 1)t+1 afﬂ )
2 ° ° ° °
0" log ET\t+1 _ _aET|t+1 8hr|t+1 _ 2 'azf—lltﬂ
8af+1 80175_;,_1 Q1 T=Lr 8at+1
270 2\ e
. J Tlt+1 =2 0 T—1[t+1
TSl | T 2 T S S-S R
o ajiy T dajy
° 2 270
(63) = 018 1) e i
Do T|t+1 atQH
_ _ 8210g2' U1 Jlog X L1
(=20 Ho ) (=S, i e
( Tt 1) (=20 1 Hy 1.7) aat2+1 Otps1

where we used the following identity to compute the second equality of equation (63):

0%y 9% logy (8logy)2

92 y Ox? ox

Taking t = 1 and o441 = o7 | in (62) and using (57) gives
§1 = § + S1(WhaT + vrdn).
Taking 7 =t and ayq1 = a7, in (63) and using (53) and (57) gives
«§t = 8? + Et(ﬂ}éo&? + wtdt) + ’Ytdt—l(o.l%gt—l + ét—ldt + é?_ld{z).

Since t is arbitrary, the two previous equations give the result of equation (14).
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