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Figure 2 below summarizes all the possibilities in expected terms. It also includes the

threshold belief, p∗, above which the merged firm will be profitable in expected terms.

In Appendix 8.2 (Figure 2 explanation), it is shown that p∗ < po. A more detailed

exposition of all the possible ex-post realizations (high and low costs) is given in Figure

4 in Appendix 8.2. Depending on the belief and efficiency gain levels, a much richer

picture emerges, relative to the full information model of SSR. All possible combinations

on the changes of output by the merged firm and the outsiders can emerge. Due to

the informational asymmetry, the usual business stealing argument does not quite hold

in the worse case scenario, where both the merged firm and the outsiders actually

contract output when po ≤ p ≤ phm. Likewise, the worst-case profits of the merged firm

and the expected profits of the outsiders can both increase (for p∗ ≤ p ≤ po). More

interestingly, one novel feature (for static models) that emerges here is that outsider

firms may actually be harmed by a merger (also see Davidson and Mukherjee, 2007).

This provides theoretical support for the conclusion by Banerjee and Eckard (1998)

that outsider firms experienced profit losses during the 19th century merger wave in

the U.S. It also lends credence to a prevalent belief that firms are often apprehensive

of the prospect of a merger between two of their rivals.

Figure 2. Market performace in expected terms.

All in all, the emerging picture squares well with the stylized facts, even from a
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(suggestive) quantitative standpoint. The theory at hand predicts a narrower scope for

output expansion (p ≥ phm) than for profitability of the merger (p ≥ ph∗), since ph∗ < po

as shown in the explanation of Figure 2 in Appendix 8.2. The corresponding empirical

averages reported by GMYZ are about 40% and 60%, respectively17! Thus a merger

may be profitable in our setting in case the merged firm contracts output, even if this

means a loss in market share (recall that output and market share reductions for the

merged firms take place in a majority of cases, Mueller, 1985).

These results suggest that the informational advantage underlying the Bayesian

Cournot concept endows the merged firm with a new form of market power relative to

the outsider firms. Whether this advantage is sufficient to overturn the usual mechanism

that makes mergers more favorable to outsiders than to insiders depends on the levels

of the potential efficiency gains and of the associated belief.

Recall that in the full information model of SSR, each partner of a merged firm

wishes to reduce output in the post-merger situation as it now takes into account the

negative externality it inflicts on its merging partner. Non-merging firms react to this

contraction by expanding output, due to strategic substitutability. The resulting price

increase is then not sufficient to imply higher profits for the merged firm.18

By contrast, in the present Bayesian setting, the merged firm exploits its informa-

tional advantage that lies in the inability of the outsiders to adapt their outputs to its

true, but unknown unit cost. Depending on the belief held by the outsiders, this new

advantage may well lead to the merged firm producing more than before the merger,

despite the fact that the aforementioned externality effect is still present here. While

a tendency for the outsiders’ output to move in the opposite direction is still there,

there is a range of values of p (between p0 and phm) for which all firms decrease their

output after the merger, even in the worst case scenario. Similarly, there is a range of p

(between ph∗ and po) such that all firms’ profits increase. This new diversity of strategic

behavioral patterns is due to the interaction between the informational market power

of the merged firm with the well-known effects of mergers in the standard SSR model

(also see Gaudet and Salant, 1991). As a result, real-life merger behavior emerges as

being compatible with static equilibrium theory, at least in the short run.

17If one were to include savings on fixed costs in efficiency gains, the scope for profitability would
widen while the merged firm’s output would remain unaltered. This would further reinforce our results.
18By contrast, in the Bertrand case with substitute products, the merging partners raise their prices

while outsider firms react by raising prices as well, due to strategic complementarity. So prices rise
even more, and the merger ends up being profitable to all firms.
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4 Welfare Analysis

Producer surplus, PS, consumer surplus, CS, and total (social) welfare, TW, before the

merger are easily found to be:

PS =
(n+ 1) (a− c)2

b (2 + n)2
, CS =

(c− a)2 (n+ 1)2

2 (n+ 2)2 b
and TW =

(c− a)2 (n+ 1) (n+ 3)

2 (n+ 2)2 b
.

In evaluating the welfare effects of a merger, we consider all the three possible evaluation

benchmarks: worst-case scenario, best-case scenario, and expected terms.

We start our analysis with producer surplus. Ex-post producer surplus, conditional

on the realized cost being high and low are PSh = πhm + (n − 1)πho and PSl = πlm +

(n− 1)πlo respectively. Expected producer surplus is EPS = pPSl + (1− p)PSh.

Often, antitrust authorities take consumer welfare as the key indicator in merger

cases. So a separate analysis of consumer surplus is highly desirable. Ex-post consumer

surpluses, conditional on the actual realized cost, are CSh = 1
2
(a− P h)Qh and CSl =

1
2
(a − P l)Ql. Expected consumer surplus is clearly the weighted average of the two

conditional consumer surpluses: ECS = pCSl + (1− p)CSh. All these expressions are

in Appendix 8.3 (with the proofs in Appendix 8.5).

Proposition 3 (a) In the worst-case scenario, a merger increases producer surplus,
and lowers consumer surplus and social welfare.

(b) In expected terms, a merger increases producer surplus, and may increase or

decrease consumer surplus and social welfare.

(c) In the best-case scenario, a merger may increase or decrease producer surplus

and consumer surplus.

In addition to part (b), we have fully characterized the expected welfare change

with a threshold belief (see ADX, 2008), along with an illustration indicating that a

merger will be beneficial to society as a whole, unless p and ∆c are both rather small.19

Interestingly, this may be viewed as a Bayesian-Cournot analog of Williamson’s (1968)

classical efficiency defense, arguing that a small efficiency gain is sufficient to make a

merger welfare-improving in a competitive economy.

Part (a) follows in part from Proposition 2 since in case of no efficiency gains ex

post, price always increases, and so consumer surplus decreases.

In the worst-case scenario as well as in expected terms, a merger is beneficial to

the industry as a whole as in the standard model of SSR. How these gains are divided

between the insiders and the outsiders to the merger in our Bayesian setting depends

19This numerical observation was confirmed to be robust via other simulations.
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of course on the usual pair of key parameters (p,∆c). Interestingly, it is only when

efficiency gains are realized ex-post that the industry as a whole may be adversely

affected by a merger. In this case, the conjunction of the first-to-know advantage and

the efficiency superiority of the merged firm may lead to a reduction in outsiders’ profits

exceeding the merger’s profit expansion. This suggests one plausible explanation for

the frequently observed apprehensive reaction of outsider firms to a merger.

According to Proposition 3, not surprisingly, if antitrust authorities adopted an ab-

solutely conservative standard requiring that consumer surplus or social welfare increase

in the worst case scenario, then no merger would ever be allowed. On the other hand,

going by the ex-ante or best-case standards, the conclusion depends on the levels of p

and ∆c, in conformity with existing practice.

In view of our Bayesian setting and of the prospect for an efficiency gain, the relation-

ship between consumer and producer surpluses is more nuanced than in the standard

SSR model. It makes sense here to ask whether an ex-ante profitable merger will neces-

sarily improve consumer welfare. Example 7 in the appendix settles this question in the

negative. Hence, antitrust authorities acting on the basis of consumer surplus should

not adopt an a priori laisser-faire merger policy.

We now consider the same question with social welfare as the criterion. While

Proposition 3 reveals similar effects of mergers on consumer and social welfare from a

qualitative standpoint, an important divergence for merger policy is brought out in the

next result, relating the private and social incentives for a merger.

Proposition 4 Whenever a merger is profitable in expected terms for the merged firm,
it will increase social welfare in the best-case scenario as well as in expected terms, i.e.,

∆Eπm > 0 =⇒ ∆ETW = ETW − TW > 0 and ∆TW l = TW l − TW > 0.

This is consistent with Farrell and Shapiro’s (1990, Proposition 5) finding that,

under some conditions on demand and costs that are satisfied by our linear setting, if

a merger with sure efficiency gains (i.e. with p = 1 here) is profitable to the merging

firms, it will also be welfare improving.

The implications of this result are significant in that they suggest that if two firms’

wish to merge were fully based on an expected profit calculation, then, on the basis

of a social welfare criterion, antitrust authorities should adopt a laissez-faire policy.

However, if efficiency gains do not materialize ex post, then the merger will always be

detrimental to society, irrespective of the ex-ante private incentives (Proposition 3). To

the extent that it is widely believed that in some cases, mergers are, at least partly,
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motivated by such reasons as managerial self-promotion, hubris or empire-building, the

implications of Proposition 4 should be viewed with due care.

A continuing controversy in merger policy is whether the key decisive criterion for

approving mergers should be consumer or social welfare. Our results neatly bring out

the commonalities and the divergences in appropriate public policy responses depending

on which standard is adopted. With the somewhat intermediate standard given by

the sum of expected consumer surplus and outsiders’ profits, proposed by Farrell and

Shapiro (1990), the present model would not prescribe a laissez-faire policy.

5 Further Results and Observations

This section presents two extensions of interest, not considered so far. The first deals

with how our Bayesian setting would affect m-firm mergers, and the second with how

uncertainty over efficiency gains might resolve over time. We then discuss a possible

dynamic extension of the present analysis.

5.1 The Profitability of Multilateral Mergers

Extending consideration to multilateral mergers here, we provide plausible illustrations

showing that (i) larger mergers do not necessarily fare better than bilateral mergers

and (ii) larger mergers may not even be profitable when bilateral mergers are.

With s merging firms, each firm’s profit in the worst-case and ex-ante (expected)

benchmarks are respectively

πhm
s
=
(2a− 2c+ p (c− cl) (n− s+ 1))2

4sb (n− s+ 3)2
and

Eπm
s

= p
πlm
s
+ (1− p)

πhm
s
.

Consider n = 10, a = 10, c = 3, cl = 2, b = 1 and either p = 0.25 or p = 0.6. Each

of the following two graphs is a plot of πhm/s (solid lines) and Eπm/s (dotted lines) as

functions of s in the two cases.
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Figure 3. Per partner profits.

In the case where p = 0.6, in expected terms, all mergers are profitable, and bilateral

mergers are preferred by the merged firms to multilateral ones, at least up to 9 partners.

On the other hand, in the worst case scenario the only profitable mergers are those

involving 2, 10 or all 11 firms. By contrast, recall that for this example, only mergers

with 9, 10 or 11 firms are profitable in the complete information Cournot model of SSR.

Analogously, when p = 0.25, in the worst case scenario, no merger involving less than

9 firms is profitable, while in expected terms a bilateral merger is profitable!

These findings are obviously consistent with the observed reality that virtually all

mergers involve two firms, another noteworthy divergence from previous models.

5.2 On the “Dynamics” of Profitability

This subsection discusses some possible dynamic extensions of the static Bayesian ap-

proach to mergers, paying close attention again to the stylized facts. A finer empirical

finding of GMYZ is that, over their five-year data window, from one year to the next,

realized profits increased for profitable mergers but decreased for unprofitable mergers.

This seemingly strange finding turns out to be quite consistent with our results if one

adds a plausible dynamic extrapolation capturing the resolution of uncertainty over

time in our model. Assuming that profitable mergers tend to be those that indeed gen-

erate efficiency gains, the outsiders progressively learn about these gains, realize with

more and more certainty that they face a lower-cost merged rival and react accord-

ingly. Likewise, if unprofitable mergers are identified with those that failed to generate

efficiency gains, rivals will progressively find out over time that they face a high-cost

merged rival, and the latter’s profits will move accordingly lower. In both cases, the

process eventually settles at the full information Cournot equilibrium that reflects the
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true efficiency gains actually achieved by the merger. This argument conveys clearly

the sense in which the present analysis is of a short-run nature.

In this scenario, it is important to note that the learning process envisioned is

not related to signaling; it is rather nonstrategic and is based on information about

p gathered via firm reports, leaks in the investigative press, etc. Alternatively, it is

reasonable to postulate that due to exogenous noise, for instance in demand or in

macroeconomic variables, the outside firms cannot fully learn the true efficiency gains

of the merged firm in one, or even a few, periods.20

In the way of illustrative insight, consider the following example where the merger

decision is based on expected merger profits.

Example 5 Let a = 10, b = 1, n = 10, c = 7, p = 0.5, and cl = 6.8 ∈ (6.6049, 6.8280).
That is, cl is between the 2 critical values of cl in the tables following Proposition 1.

As a result, πhm = 0.0984 < 2π = 0.125 and πlm = 0.1711 > 2π = 0.125. If the merger

decision is based on ex ante expected profits, then, ex post, with probability p the cost is

cl and the profits are πlm = 0.1711 > 2π = 0.125 while with probability (1− p) the cost

is c and profits are πhm = 0.0984 < 2π. The subsequent (complete information) Cournot

game is either one with the merged firm having cost cl or one with the merged firm

having cost c. In the former case, the merged firm’s profits are 0.2066 > πlm = 0.1711

and in the latter case, its profits are 0.074 38 < πhm = 0.0984.

An other plausible dynamic extension would be to a multi-period framework allow-

ing for signaling by the merged firm and learning on the part of outsider firms. Such

an extension would produce an even more diverse set of possible equilibrium outcomes,

including separating and pooling (perfect Bayesian) equilibria. In the following exam-

ple, the separating equilibrium yields an outcome that is fully consistent with the data

on profit dynamics described above (though many other outcomes can emerge in other

plausible examples).

Consider the industry in Example 5 operating over two periods with discount factor

δ = 0.7. It can be verified21 that the following strategies and system of beliefs constitute

20There is quite a bit of anectodal evidence in support of this slow learning of the extent of efficiency
gains in mergers. For instance, in a report to the Federal Trade Commission advocating a two-stage
process to review efficiency claims, one ex ante and one ex post, Brodley (1996) argues that “the ex
post proceeding should normally be held between three and five years after the ex ante determination.
Efficiency realization generally will require a longer time period than that used in competitive analysis
of mergers”.
21The associated computations are tedious, and are available from the authors upon request.
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a separating (perfect Bayesian) equilibrium:

First period choices: qlm = 0.5398, q
h
m = 0.3503, qo = 0.2550

Second period choices: qlm = 0.4546, q
h
m = 0.2727, q

h
o = 0.2727, q

l
o = 0.2546

Beliefs: Pr(low cost | q < 0.5398) = 0,Pr(low cost | q ≥ 0.5398) = 1

In this equilibrium, the low-cost merged firm’s profits would be 0.1947 in the first period

and rise to 0.2066 in the second, while a high-cost merged firm’s profits would be 0.1227

in the first period and go down to 0.0744 in the second. Prior to the merger, the total

profits of the two firms are 0.1250 per period. Thus, comparing period by period, the

merger is profitable for the low-cost merged firm but unprofitable for the high-cost

one. Furthermore, in ex-ante terms, using discounted expected profits, the merger is

profitable (0.2125 and 0.2992 before and after the merger, respectively). Note that in

a separating equilibrium, all the information is fully revealed after the first period.

This two-period example also admits a pooling equilibrium, with beliefs that do not

survive the “intuitive criterion”: Let the merged firm produce 0.3636 in the first period

regardless of costs and each outsider produce 0.26364; however, to sustain such behavior

in equilibrium, extreme beliefs such as Pr(high cost| q 6= 0.3636) = 1 are necessary.
While such strategic dynamic models are appealing, going beyond two periods in

this context is unfortunately intractable, due in part to equilibrium multiplicity.

6 Conclusion

This paper argues that many of the circumstances surrounding mergers call for a theo-

retical model wherein the firms outside the merger face a new type of rival, characterized

by unknown unit costs, reflecting their natural initial uncertainty about the ability of

the merged firm to achieve any (of the claimed) efficiency gains. This pervasive un-

certainty also affects the approval decision of antitrust authorities, and triggers the

favorable response by financial markets. Within the obvious confines of a static model,

the proposed Bayesian Cournot equilibrium leads to an outcome that is broadly consis-

tent with much of the empirical evidence on the industry effects of mergers, on profits,

price and market shares for the merged firm as well as for outsiders, at least in the

short run. All in all, the model at hand reflects a simple and natural modification of

the standard Cournot approach, based on an inherent informational advantage of the

merged firm over outsiders, bringing about a surprising level of congruence with stylized

facts.

In terms of welfare, mergers lower consumer and social welfare for sure only in
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the worst-case scenario. In the other two scenarios, welfare depends on the levels of

belief and the efficiency gain. An ex-ante profitable merger is necessarily beneficial

for expected social welfare but not necessarily for expected consumer welfare. Overall,

these results vindicate the central role assigned to efficiency gains in merger policy.
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8 Appendix

This Appendix gathers the computational details, some extra figures, the quantitative

illustrations that complement the results, and the proofs of the results in the text.

8.1 Finding the Bayesian Cournot Equilibrium

This part provides the computational details of Section 2. Each (outsider) firm’s ex-

pected payoffs are:

Eπi = pπhi + (1− p)πli = aqi − bEQ−iqi − bq2i − cqi.

The 1st order condition yields the best response function: qi =
a−bEQ−i−c

2b
. As everybody

knows the cost of n−1 firms but not the cost of the nth firm, the best response function
of the each outsider becomes qo(Eqm) =

a−c−bEqm
bn

.

The merged firm’s best reaction curves are:

qhm(qo) =
a− c− b(n− 1)qo

2b
, qlm(qo) =

a− cl − b(n− 1)qo
2b

and Eqm(qo) =
a− (p∆c+ cl)− b(n− 1)qo

2b
.

Each outsider’s and the merged firm’s outputs are presented in the text.
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The three versions of total output are:

Ql =
2n (a− c) +∆c (n+ 1− p (n− 1))

2b (n+ 1)
, Qh =

2n (a− c)− p∆c (n− 1)
2b (n+ 1)

and EQ =
n (a− c) + p∆c

b(n+ 1)
.

The corresponding prices are presented in the text.

The conditional expected profits of each outsider firm are:

πho = Eπo +
p∆c [(a− c)− p∆c]

2b(n+ 1)
and πlo = Eπo +

∆c(1− p) [p∆c− (a− c)]

2b(n+ 1)

The expected profits of each outsider firm and conditional profits of the merged

firm are again presented in Section 2. The expected profits of the merged firm is

Eπm = pπlm + (1− p)πhm, or

Eπm =
p2∆c2 (3n+ 1) (n− 1) + p∆c

¡
8n (a− c) +∆c (n+ 1)2

¢
+ 4 (c− a)2

4b (n+ 1)2

The change in expected profits is ∆Eπm = πm − 2π, or¡
p2 (3n+ 1) (n− 1) (n+ 2)2∆c2 + p (n+ 2)2∆c

¡
8n (a− c) +∆c (n+ 1)2

¢
− 4 (c− a)2 (n2 − 2)

¢
4b (n+ 1)2 (2 + n)2

Threshold belief above which expected profits are higher than pre-merger profits:

p∗ =

Ã
−(n+ 2)

£
8n(a− c) +∆c (n+ 1)2

¤
+
q
(n+ 2)2

£
8n(a− c) +∆c (n+ 1)2

¤
+ 16(3n+ 1)(n− 1) (a− c)2 (n2 − 2)

!
2(3n+ 1)(n− 1)(n+ 2)∆c

8.2 Extra Figures and Explanations

This part contains supplementary figures and their explanations.
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Figure 4. Market performance in low and high cost realizations.
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Figure 2 explanation. Note that if a−c
c−cl ≥ n + 2 then po ≥ 1 hence, Eπo ≥ π

and qo ≥ q for all p ∈ [0, 1] . If the merger is profitable in the worst case scenario, then
p > ph∗ and it easy to show that po > ph∗ for all (a − c) > 0 and for all ∆c > 0 since

the inequality reduces to n > −1 which is always true. If the merger is profitable in the
worst case scenario then it is profitable in expected terms as well, i.e., p∗ < ph∗, hence,

p∗ < po. It follows immediately from the expressions presented in the previous section

that EQ > Q if and only if p > po.

Figure 4 explanation. For information regarding po see explanation of Figure 2.

Low Cost:

Further note that plm ≥ 0 if and only if a−c
c−cl ≥

(n+2)(n+1)
2n

and plm ≤ 1 if and only if
a−c
c−cl ≤ n+ 2. It is easy to see that (n+2)(n+1)

2n
< n+ 2.Observe that plm < po if and only

if a−c
c−cl < n+2 but otherwise both po and plm are greater than 1 hence their relationship

is insignificant. Similarly, notice that pl ≤ 1 if and only if a−c
c−cl ≥ n + 2 and pl ≥ 0 if

and only if a−c
c−cl ≤

(n+2)(n+1)
2

. Again it is easy to see that n + 2 ≤ (n+2)(n+1)
2

is always

true. Finally, the inequality Ql > Q reduces to p < pl. Observe that if pl is effective

(i.e., pl < 1) po and plm are ineffective (i.e., greater than 1).

High Cost:

Note that it is always the case that phm ≥ 0 and phm ≤ 1 if and only if a−c
c−cl ≤

(n+2)(n−1)
2n

.

Similarly, it is easy to show that phm > po for all (a− c) > 0 and for all (c− cl) > 0 since

the inequality reduces to n > −1, which is always true. Finally the inequality Qh > Q

reduces to 2(a− c) + p(c− cl)(n− 1)(n+ 2) > 0, which is always true.

8.3 Welfare analysis details

This part provides the computational details of Section 4. We obtain:

PSh =
(2 (a− c) + p∆c (n− 1))2

4b (n+ 1)2
+ (n− 1)

µ
a− c− p∆c

b (n+ 1)

¶µ
2 (a− c) + p∆c (n− 1)

2 (n+ 1)

¶

PSl =
(2 (a− c) +∆c (1 + n+ p (n− 1)))2

4b (n+ 1)2
+

(n− 1)
µ
a− c− p∆c

b (n+ 1)

¶µ
2 (a+ ncl) +∆c(n− 1)(p+ 1)

2 (n+ 1)
− c

¶
Expected producer surplus, EPS, is:

EPS = p
(2 (a− c) +∆c (1 + n+ p (n− 1)))2

4b (n+ 1)2
+(1−p)(2 (a− c) + p∆c (n− 1))2

4b (n+ 1)2
+(n−1)(a− c− p∆c)2

b (n+ 1)2
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The change in expected producer surplus,∆EPS = EPS − PS, is:

∆EPS = p
(2 (a− c) +∆c (1 + n+ p (n− 1)))2

4b (n+ 1)2
+ (1− p)

(2 (a− c) + p∆c (n− 1))2

4b (n+ 1)2

+(n− 1)(a− c− p∆c)2

b (n+ 1)2
− (n+ 1) (a− c)2

b (2 + n)2
.

The consumer surpluses are:

ECS = p

µ
2n (a− cl)−∆c(n− 1)(p+ 1)

8b (n+ 1)2

¶
(2n(a− c) +∆c(1 + n− p(n− 1))

+(1− p)
1

2b

µ
2n (a− c)− p∆c (n− 1)

2 (n+ 1)

¶2

CSh =
1

2b

µ
2n (a− c)− p∆c (n− 1)

2 (n+ 1)

¶2
CSl =

µ
2n (a− cl)−∆c(n− 1)(p+ 1)

8b (n+ 1)2

¶
(2n(a− c)−∆c(n− 1)(p+ 1))

The expected total welfare is given by:

ETW = p2∆c2 (5n+ 7) (n− 1) + p∆c
£
8 (a− c) (n+ 2) + 3∆c

¡
n2 + 2n+ 1

¢¤
+4n (c− a)2 (n+ 2)

The change in expected total welfare is then:

∆ETW =

µ
p2 (5n+ 7) (n− 1) (n+ 2)2∆c2 + p (n+ 2)2∆c

¡
8 (a− c) (2 + n) + 3∆c (n+ 1)2

¢
−4 (c− a)2 (2n+ 3)

¶
8 (n+ 1)2 b (n+ 2)2

The threshold belief above which post-merger expected total welfare is higher is

p0 =

Ã
−(n+ 2)

£
8(a− c)(n+ 2) + 3∆c (n+ 1)2

¤
+q

(n+ 2)2
£
8(a− c)(n+ 2) + 3∆c (n+ 1)2

¤
+ 16(n− 1)(5n+ 7) (a− c)2 (2n+ 3)

!
2(5n+ 7)(n− 1)(n+ 2)∆c

8.4 Illustrations

This part of the appendix provides some insight of a quantitative nature into some of

the results of Section 4.

(a) The values of (p,∆c) and expected social welfare.

Consider the parameter values a = 10, b = 1, n = 10, and c = 3.
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Figure 5.

It is clear that unless the belief p and the efficiency gain are extremely low, a merger

will be advantageous to society, i.e., expected total welfare will increase.

Example 6 Consider the parameter values a = 10, b = 1, n = 10 and c = 7.
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Figure 6.

The observations made in the previous example concerning the impact of a merger to

society are reinforced. In fact, as can be shown to hold for consumer surplus as well,

the opportunities for a socially beneficial merger are increased when the starting cost is

higher. Naturally, higher starting costs provide more opportunities for efficiency gains

that are advantageous to consumers as well.

8.5 Proofs

Proof of Proposition 1. The merged firm is profitable if πhm > 2π which reduces to

p >
2 (a− c)

¡¡√
2− 2

¢
+
¡√
2− 1

¢
n
¢

(c− cl) (n+ 2) (n− 1)
= ph∗
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It is easy to see that ph∗ > 0 if n ≥ 2. Moreover, ph∗ < 1 if the cost gains are sufficient:

2 (a− c)
¡¡√

2− 2
¢
+
¡√
2− 1

¢
n
¢

(n+ 2) (n− 1) < c− cl.

For the lower bound on cost gains to be feasible (c − cl < c) it must be that the

pre-merger cost is at least:

2a
¡¡√

2− 2
¢
+
¡√
2− 1

¢
n
¢

2
¡¡√

2− 2
¢
+
¡√
2− 1

¢
n
¢
+ (n+ 2) (n− 1)

< c.

Note that the latter lower bound on c is always below a.

Proof of Proposition 2. (a)In the worst case scenario, the merged firm expands

if and only if qhm ≥ 2q, or p ≥ phm =
2n(a−c)

∆c(n−1)(2+n) . In the best case scenario, it expands

if and only if qlm ≥ 2q, or p ≥ plm =
2n(a−c)−(c−cl)(n+1)(n+2)

∆c(2+n)(n−1) .(b)Setting P h > P reduces

to 2(a− c) + p∆c(n− 1)(n+ 2) > 0, which is always true. Setting P l > P reduces to

p > pl = (n+1)(n+2)∆c−2(a−c)
∆c(n+1)(n−1) . (c)Outsider firms benefit from the merger and expand their

output if Eπo ≥ π and qo ≥ q. Both inequalities reduce to p ≤ po =
a−c

∆c(n+2)
. Similarly,

the merged firm contracts its output if Eqm ≤ 2q, which reduces to p ≤ po. Setting

EP > P reduces to p < a−c
∆c(n+2)

= po.

Proof of Proposition 3. (a)The change in Producer Surplus in the worst case

scenario is given below:

∆PSh =
(2n (a− c)− p(n− 1)∆c) (2(a− c) + p(n− 1)∆c)

4b (n+ 1)2
− (n+ 1) (a− c)2

b (2 + n)2
.

Recall that we require that p < a−c
∆c

for an interior solution. Now observe that ∆PSh

is increasing in p since

d∆PSh

dp
=
2(n− 1)2∆c2

¡
a−c
∆c
− p
¢

4b (n+ 1)2
> 0.

Hence, it suffices to show that ∆PSh|p=0 > 0. Indeed

∆PSh|p=0 =
(a− c)2

b

µ
n

(n+ 1)2
− n+ 1

(2 + n)2

¶
> 0.

The change in consumer surplus in the worst case scenario is given below:

∆CSh =
1

2

(2n(a− c)− p (n− 1)∆c)2

4b (n+ 1)2
− 1
2

(a− c)2 (n+ 1)2

(n+ 2)2 b
< 0

Observe that ∆CSh is a decreasing function of p as 2n(a− c)− p (n− 1)∆c > 0. It is

easy to see that at p = 0 where ∆CSh takes its highest value it is already negative.
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The change in Total Welfare in the worst case scenario is given by the formula below:

∆TW h =
(2n (a− c)− p(n− 1)∆c) (2(n+ 2)(a− c) + p(n− 1)∆c)

8b (n+ 1)2

−(n+ 1) (a− c)2

b (2 + n)2
− 1
2

(a− c)2 (n+ 1)2

(n+ 2)2 b
.

It is easy to see that ∆TW h is a decreasing function of p, thus, it suffices to show that

∆TW h < 0 at p = 0 where ∆TW h takes its highest value. Indeed

∆TW h|p=0 =
(a− c)2

b

µ
−2n− 3

2 (n+ 1)2 (2 + n)2

¶
< 0.

(b)To show ∆EPS > 0 we take its derivative w.r.t. p and see that it is positive:

d∆EPS

dp
=
2p (3n+ 5) (n− 1) (n+ 2)2∆c2 + (n+ 2)2∆c

¡
8 (a− c) + (1 + n)2∆c

¢
4b (n+ 1)2 (2 + n)2

> 0

So ∆EPS > 0 if ∆EPS|p=0 > 0. Then observe that ∆EPS|p=0 =
(a−c)2(n2+n−1)
b(n+1)2(n+2)2

> 0.

As Figures 5 and 6 illustrate the expected total welfare can increase or decrease

depending on the parameters. The following example proves that the change in ECS

can be positive or negative, depending on the parameters of the model.

Example 7 Consider the parameter values a = 10, b = 1, n = 10 and c = 3. The

dark shaded surface is the 0 plane whereas the light shaded area denotes the change in

consumer surplus. Clearly, the higher the belief and the lower the cost, the more likely

it is for consumer surplus to increase.
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Figure 7.
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(c)It is easy to see that when the parameters take the following values: a = 10, b = 1,

n = 10, c = 7, p = 0.5, cl = 6.6200 the change in PSl becomes∆PSl = −2.650 9×10−2.
Similarly, when the parameters are a = 10, b = 1, n = 10, c = 7, p = 0.5, cl = 5.6200

the change in PSl becomes ∆PSl = 0.607 38.

Consumer surplus in the best-case scenario follows a similar pattern. For example

with parameters a = 10, b = 1, n = 10, c = 7, p = 0.5, and cl = 6.95, the change

in consumer surplus is ∆CSl = −0.02184 3. But when cl = 5.62, the change becomes

∆CSl = 1. 132 9.

Proof of Proposition 4. Observe that for ∆Eπm > 0 it suffices to show that

p2 (3n+ 1) (n− 1) (n+ 2)2∆c2 +p (n+ 2)2∆c
¡
8n (a− c) +∆c (n+ 1)2

¢
−4 (c− a)2

¡
n2 − 2

¢
> 0.

Let the coefficient of p2 be denoted by

αm = (3n+ 1) (n− 1) (n+ 2)2∆c2,

the coefficient of p be denoted by

βm = (n+ 2)
2∆c

¡
8n (a− c) +∆c (n+ 1)2

¢
and the constant be denoted by

γm = −4 (a− c)2
¡
n2 − 2

¢
.

Note that αm, βm > 0, hence ∆Eπm is increasing in p.

Now observe that for ∆ETW > 0 it suffices to show that

p2 (5n+ 7) (n− 1) (n+ 2)2∆c2+p (n+ 2)2∆c
¡
8 (a− c) (2 + n) + 3∆c (n+ 1)2

¢
−4 (c− a)2 (2n+ 3) > 0.

Similarly, let the coefficient of p2 be denoted by

αw = (5n+ 7) (n− 1) (n+ 2)2∆c2,

the coefficient of p be denoted by

βw = (n+ 2)
2∆c

¡
8 (a− c) (2 + n) + 3∆c (n+ 1)2

¢
and the constant term by γw = −4 (a− c)2 (2n+ 3) . Again, note that αw, βw > 0,

hence ∆ETW is increasing in p.

Next note that αw > αm, βw > βm and γw > γm. When ∆Eπm(p
∗) = 0 we

have p∗2αm + p∗2βm = −γm. since αw > αm and βw > βm we have p∗2αw + p∗2βw >
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p∗2αm + p∗2βm hence p∗2αw + p∗2βw > −γm but γm < γw ⇔ −γm > −γw. Thus,
p∗2αw + p∗2βw > −γw which implies that p∗2αw + p∗2βw + γw > 0⇔ ∆ETW (p∗) > 0.

To conclude, when p = p∗ we have ∆Eπm(p
∗) = 0 and ∆ETW (p∗) > 0 and for

all p > p∗ we have ∆Eπm(p
∗) > 0 and ∆ETW (p∗) > 0 since both ∆Eπm(p) and

∆ETW (p) are increasing functions of p as argued earlier.

From ∆TW h < 0 and ∆ETW > 0 it follows that ∆TW l > 0.
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